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Qrq0udgldo phdvxuhv ri whfkqlfdo h!flhqf| hvvhqwldoo| glhu iurp wkhlu udgldo frxqwhusduwv
lq wkdw wkh surgxfw pl{ ri wkh h!flhqw uhihuhqfh lv doorzhg wr eh glhuhqw iurp wkh surgxfw
pl{ ri wkh hydoxdwhg revhuydwlrq1 Zkhuhdv h{lvwlqj qrq0udgldo phdvxuhv duh vwloo edvhg
rq wkh surgxfw pl{ ri wkh hydoxdwhg/ l1h1 srvvleo| lqh!flhqw revhuydwlrq/ zh fkdqjh wkh
shuvshfwlyh dqg sursrvh d phdvxuh edvhg rq wkh pl{ surshuwlhv ri wkh h!flhqw uhihuhqfh1
Wkh uhvxowlqj clqyhuvh* phdvxuh fdq eh frqvlghuhg dv frpsohphqwdu| wr wkh Içuh0Oryhoo
+ru Uxvvhoo, h!flhqf| phdvxuh1
Nh|zrugv= Gdwd Hqyhorsphqw Dqdo|vlv/ Qrq0udgldo h!flhqf| phdvxuhv/ Surgxfw pl{
ehqfkpdunlqj4 Lqwurgxfwlrq
Wkh sxusrvh ri wkh ruljlqdo GHD prgho ri Fkduqhv/ Frrshu dqg Ukrghv +^4`/ ^5`, dv
zhoo dv wkdw ri pdq| ri lwv vxffhvvruv zdv wr sxw lqwr sudfwlfh wkh qrwlrq ri h!flhqf| dv
h{suhvvhg lq wkh hduolhu zrun ri Gheuhx ^6` dqg Iduuhoo ^9`1 Qrw vxusulvlqjo| wkhuhiruh/ wkh
dvvrfldwhg Gheuhx0Iduuhoo h!flhqf| phdvxuh kdv ehfrph derxw dv srsxodu dq dqdo|wlfdo
wrro dv GHD lwvhoi1 Dv wkh lqyhuvh ri Vkhskdug*v glvwdqfh ixqfwlrq wkh phdvxuh lv forvho|
olqnhg wr wkh plfurhfrqrplf wkhru| ri surgxfwlrq1 Pruhryhu/ hyhq zkhq irfxvlqj rq
whfkqlfdo h!flhqf|/ Gheuhx0Iduuhoo phdvxuhv kdyh d vwudljkwiruzdug frvw lqwhusuhwdwlrq1
Vshflfdoo|/ wkh| fdq eh zulwwhq dv wkh udwlr ri uhihuhqfh wr dfwxdo frvwv +lqsxw rulhqwdwlrq,
ru dfwxdo wr uhihuhqfh uhyhqxhv +rxwsxw rulhqwdwlrq,/ lqghshqghqwo| ri wkh sulfh yhfwru wkdw
lv xvhg +vhh ^43`,1
Wklv frqyhqlhqw surshuw| iroorzv iurp wkh udgldo surmhfwlrq ri lqh!flhqw revhuydwlrqv
rq wkh uhihuhqfh iurqwlhu1 Wkh htxlsursruwlrqdwh qdwxuh ri frpsdulvrqv kdv d gudzedfn
krzhyhu/ dv lw lpsolhv wkdw Gheuhx0Iduuhoo h!flhqf| grhv qrw qhfhvvdulo| frlqflgh zlwk
wkh pruh jhqhudo Sduhwr0Nrrspdqv h!flhqf| frqfhsw +dv lqwurgxfhg e| Nrrspdqv ^;`,1
Udgldo phdvxuhv idfh d vodfn sureohp= h!flhqw surmhfwlrqv fdq vrphwlphv lqfuhdvh wkhlu
whfkqlfdo h!flhqf| e| d ixuwkhu/ qrq0udgldo fkdqjh ri vrph lqsxw ru rxwsxw glphqvlrqv1
Hvshfldoo| zkhq vodfnv duh odujh dqg rffxu iuhtxhqwo| wkh| frxog lq xhqfh wkh h!flhqf|
vfruhv frqvlghudeo|/ zklfk lq wxuq frxog uhvxow lq zurqj pdqdjhphqw frqfoxvlrqv1 Lq vxfk
fdvhv lw vhhpv pruh dssursuldwh wr fdoo iru qrq0udgldo phdvxuhv frpsxwhg e| frpsdulqj
hdfk revhuydwlrq wr d uhihuhqfh revhuydwlrq wkdw lv qrw grplqdwhg lq wkh Sduhwr0Nrrspdqv
vhqvh1 Qrq0udgldo phdvxuhv hvvhqwldoo| glhu iurp wkhlu udgldo frxqwhusduwv lq wkdw wkh
lqsxw +rxwsxw, pl{ ri wkh lqsxw +rxwsxw, h!flhqw surmhfwlrq pd| glhu iurp wkh pl{
ri wkh lqh!flhqw revhuydwlrq1 Wkh Içuh0Oryhoo ^8` dqg wkh ]lhvfkdqj ^47` phdvxuhv duh
wzr h{dpsohv ehorqjlqj wr wklv fodvv14 Içuh0Oryhoo lqsxw h!flhqf| vfruhv/ iru h{dpsoh/
duh rewdlqhg vwduwlqj iurp d glphqvlrq0vshflf fruuhfwlrq ri hdfk frpsrqhqw ri wkh
lqh!flhqw lqsxw pl{ +vhh ehorz,1 Vr duh wkh ]lhvfkdqj vfruhv dv wkh odwwhu duh frqvwuxfwhg
dv d vlpsoh surgxfw ri d Gheuhx0Iduuhoo dqg d Içuh0Oryhoo frpsrqhqw1
Wkh fhqwudo lghd ri wklv sdshu lv wkdw 0rqfh htxlsursruwlrqdolw| lv qr orqjhu lpsrvhg0
qrq0udgldo surmhfwlrq doorzv wr phdvxuh lqh!flhqf| lq wzr zd|v1 Wkh qrq0udgldo phd0
vxuhv phqwlrqhg deryh vwloo frpsxwh wkh glvwdqfh ehwzhhq wkh lqh!flhqw revhuydwlrq dqg
lwv h!flhqw uhihuhqfh e| vwduwlqj iurp wkh pl{ ri wkh lqh!flhqw revhuydwlrq1 Exw rqh
frxog htxdoo| zhoo dujxh wkdw wkh rulhqwdwlrq pd| eh uhyhuvhg1 Wkxv rqh fdq wdnh wkh
h!flhqw uhihuhqfh lwvhoi udwkhu wkdq wkh lqh!flhqw revhuydwlrq dv srlqw ri ghsduwxuh zkhq
frpsxwlqj wkh glvwdqfh ri dq revhuydwlrq wr wkh surgxfwlrq iurqwlhu1 Lq wkh qh{w vhfwlrq
zh zloo sursrvh dq dowhuqdwlyh qrq0udgldo phdvxuh zklfk hydoxdwhv h!flhqf| lq wklv zd|1
Lq d fhuwdlq vhqvh wklv rssrvhg shuvshfwlyh sxvkhv wkh dujxphqw ixuwkhu uhjduglqj wkh
udwlrqdoh ri qrq0udgldo h!flhqf| phdvxuhphqw1 Dq| uhihuhqfh wr surshuwlhv ri hydoxdwhg
revhuydwlrqv lv ixuwkhu zhdnhqhg dqg uhsodfhg e| wkh vhdufk iru d ehvw sudfwlfh ehqfkpdun
rq wkh edvlv ri wkh odwwhu*v fkdudfwhulvwlfv1 Wkh fkdqjh ri shuvshfwlyh lv dovr fohduo| uh0
yhdohg e| wkh irupdo uhsuhvhqwdwlrq ri wkh dvvrfldwhg h!flhqf| phdvxuh zklfk/ lq jhqhudo/
zloo ohdg wr orzhu vfruhv uhodwlyh wr lwv diruhphqwlrqhg frxqwhusduwv1 Wkh udwlrqdoh ehklqg
4Wkh iruphu lv vrphwlphv dovr uhihuuhg wr dv wkh Uxvvhoo phdvxuh1
4wklv uhvxow fdq dovr eh vkrzq judsklfdoo|1 Dgglwlrqdo uhpdunv duh frqwdlqhg lq wkh qdo
vhfwlrq1
5 Dq clqyhuvh* Içuh0Oryhoo phdvxuh
Iru hdvh ri h{srvlwlrq zh zloo frqfhqwudwh rq lqsxw h!flhqf| lq wklv vhfwlrq dqg srvwsrqh
wkh glvfxvvlrq ri wkh rxwsxw0rulhqwhg yhuvlrq ri wkh clqyhuvh* Içuh0Oryhoo +IO,p h d v x u h
xqwlo wkh qh{w vhfwlrq1 Iluvw frqvlghu wkh ruljlqdo IO phdvxuh15 Ohw + uhsuhvhqw d vhpl0
srvlwlyh rxwsxw yhfwru dqg % d vwulfwo| srvlwlyh 60glphqvlrqdo lqsxw yhfwru dqg ghqrwh
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Wkh IO phdvxuh plqlplvhv wkh dulwkphwlf phdq ri wkh vfdoduv b￿/ l1h1 wkh sursru0
wlrqdo uhgxfwlrq lq hdfk lqsxw glphqvlrq1 Iru dq revhuydwlrq +%Jc+ J, wkh surmhfwlrq srlqw
+%JWc+ JW, lv ghwhuplqhg e| vfdolqj grzq hdfk lqsxw e| wkh fruuhvsrqglqj hohphqw ri wkh






6c+ J dqg zloo dozd|v ehorqj wr wkh
Sduhwr0Nrrspdqv h!flhqw vxevhw ri uE+J1
Nhuvwhqv dqg Ydqghq Hhfndxw ^:` kdyh vkrzq wkdw wkh IO surmhfwlrq kdv d frvw lq0
whusuhwdwlrq zkhq wkh clpsolflw* frvw sulfhv ri wkh hydoxdwhg revhuydwlrq duh xvhg1 Lq0
ghhg/ wkh vdph surmhfwlrq srlqw uhvxowv iurp frvw plqlplvdwlrq xqghu wkh dvvxpswlrq
wkdw wkh uhodwlyh idfwru sulfhv duh uhyhdohg e| wkh lqyhuvh udwlr ri wkh lqsxw txdqwlwlhv
xvhg e| revhuydwlrq +%Jc+J,1 Wkh hqwulhv ri wkh sulfh yhfwru  fdq wkxv eh uhsuhvhqwhg
dv ￿*6 ' %J
6*%J
￿/z l w k%6 wkh qxphudluh lqsxw1 Wklv olqn fdq eh pdgh h{solflw e|









































































6 5 uE+ dqg b
s,
￿ 5 Efco E;1 Lpsolflw frvw sulfhv iroorz
gluhfwo| iurp sursruwlrqv ehwzhhq lqsxwv/ vr wkdw wkh deryh uhvxow djdlq ghprqvwudwhv
wkdw wkh IO phdvxuh lv frpsxwhg vwduwlqj iurp wkh lqh!flhqw lqsxw pl{1
Dv vwdwhg lq wkh lqwurgxfwlrq/ dq dowhuqdwlyh zd| wr phdvxuh lqh!flhqf| lv wr vwduw
iurp wkh h!flhqw lqsxw pl{16 Wklv lv dfklhyhg e| pdnlqj wkh lpsolflw idfwru sulfhv fru0
uhvsrqglqj wr wkh h!flhqw surmhfwlrq dq remhfw ri fkrlfh zkhq plqlplvlqj wkh udwlr ri
5D wkrurxjk glvfxvvlrq ri wkh IO phdvxuh lv surylghg e| I￿uh/ Jurvvnrsi dqg Oryhoo ^7‘1
6Wr vrph h{whqw/ dq dqdorj| fdq eh gudzq ehwzhhq wkh sureohp vwxglhg lq wklv sdshu dqg wkh frqfhswv
ri htxlydohqw dqg frpshqvdwlqj yduldwlrq lq qhrfodvvlfdo frqvxphu wkhru|1 Lqghhg/ wkh odwwhu duh dowhu0
5plqlpxp wr dfwxdo frvwv1 Wkh uhvxowlqj clqyhuvh* IO phdvxuh zloo qr orqjhu plqlplvh wkh












































































￿ c zlwk %W










6 5 uE+ dqg b
￿s,
￿ 5 Efco E;1 Wkh idfw wkdw lq wklv fdvh wkh
kduprqlf phdq ri wkh b￿*v lv rewdlqhg kdv d vwudljkwiruzdug lqwxlwlrq1 Dv lqh!flhqf| lv
phdvxuhg vwduwlqj iurp wkh h!flhqw lqsxw frpelqdwlrq/ rqh vhhnv iru ihdvleoh h{sdqvlrqv
lq doo lqsxw glphqvlrqv +l1h1 wkh b
3￿
￿ *v, wr jhw iurp wkh hqgrjhqrxv h!flhqw uhihuhqfh wr
wkh lqh!flhqw revhuydwlrq1 Wkh uhvxowlqj vfruh iru wkh lqh!flhqw revhuydwlrq wkxv htxdov
wkh lqyhuvh ri wkh +dulwkphwlf, phdq ri wkhvh vfdoduv1 Wzr uhvxowv gluhfwo| iroorz iurp wkh
jhqhudo surshuwlhv ri erwk phdqv1 Iluvw/ wkh lqyhuvh IO vfruh zloo qhyhu h{fhhg wkh IO
vfruh1 Wklv lqfuhdvhg vwulqjhqf| lv lqwxlwlyh suhflvho| vlqfh wkh lqyhuvh phdvxuh ixuwkhu
zhdnhqv dq| uhihuhqfh wr +lqsxw pl{, surshuwlhv ri wkh lqh!flhqw revhuydwlrq1 Vhfrqg/
wkh wzr phdvxuhv zloo frlqflgh li dqg rqo| li wkhlu surmhfwlrqv frlqflgh zlwk wkh udgldo





Vxssrvh wkhuh duh  revhuydwlrqv dqg wkdw + lv dq ?0glphqvlrqdo yhfwru1 Wkh lq0



































qdwlyhv wr phdvxuh glvwdqfhv ehwzhhq lqgl￿huhqfh fxuyhv wkdw gl￿hu z1u1w1 wkh sulfhv xvhg wr gh￿qh wkh
uhohydqw wdqjhqw olqhv ri frqvxpswlrq exqgohv= ￿ruljlqdo￿ +htxlydohqw yduldwlrq2IO phdvxuh, ru ￿￿qdo￿
sulfhv +frpshqvdwlqj yduldwlrq2lqyhuvh IO phdvxuh,1
7I￿uh dqg Oryhoo ^8‘ duulyhg dw wkhlu qrq0udgldo phdvxuh xvlqj dq d{lrpdwlf dssurdfk1 Lw fdq hdvlo|
eh ghprqvwudwhg wkdw wkh lqyhuvh IO phdvxuh vdwlv￿hv wkh vdph surshuwlhv dv wkh ruljlqdo IO phdvxuh1
8Qrwh wkdw khuh zh lpsohphqwhg wkh dvvxpswlrq ri yduldeoh uhwxuqv wr vfdoh e| phdqv ri wkh frqyh{0
lw| frqvwudlqw
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Zkloh wkh deryh sureohp pd| vhhp vrphzkdw frpsoh{/ zh vkrz lq wkh dsshqgl{
wkdw iru hdfk revhuydwlrq wkh lqyhuvh 8uvfruh fdq eh frpsxwhg iroorzlqj d vlpsoh wkuhh
vwhs surfhgxuh/ frpsdudeoh wr wkh sdluzlvh yhfwru frpsdulvrq dojrulwkp xvhg lq wkh IGK
surfhgxuh +dv h1j1 rxwolqhg lq ^46`,1 Vshflfdoo|/ lw vx!fhv wr frqfhqwudwh rq wkh yhuwlfhv
ri wkh sduw ri wkh uhihuhqfh whfkqrorj| wkdw Sduhwr0Nrrspdqv grplqdwhv wkh hydoxdwhg
revhuydwlrq1 Lq d vhfrqg vwhs wkh kduprqlf phdq ri lqsxw uhgxfwlrqv zlwk uhvshfw wr hdfk



























Iljxuh 4= Dq looxvwudwlyh h{dpsoh
Wkh glhuhqfhv ehwzhhq erwk phdvxuhv fdq dovr eh uhsuhvhqwhg judsklfdoo|1 Lq jxuh
4 wkh lqsxw yhfwru %@ +'E  c2, lv gudzq1 Vxssrvh erwk wkh IO dqg wkh lqyhuvh IO
phdvxuhv kdyh vhohfwhg %K +'E  ce, dv lwv uhihuhqfh yhfwru1 Wkh IO vfruh zloo eh SSc.I
zkhuhdv wkh lqyhuvh IO vfruh rqo| dprxqwv wr DfI1 Wr lqwhusuhw wklv uhvxow/ zh frqvwuxfw
lq d uvw vwhs wkh lpsolflw lvrfrvwolqhv dvvrfldwhg zlwk %@ dqg %K1 Wkhvh olqhv wdnh wkh
irup k￿ ' A
￿ %￿ E ' @cK zlwk @ +'E  c*2,d q gK +'E  c*e, ehlqj wkh lpsolflw
frvw sulfh yhfwruv19 Zh ixuwkhu frqvwuxfw dq lvrfrvwolqh wkurxjk %@ wkdw lv sdudooho wr wkh
lpsolflw lvrfrvwolqh wkurxjk %K dqg/ dqdorjrxvo|/ dq lvrfrvwolqh wkurxjk %K wkdw lv sdudooho
9Lqsxw 4 lv wdnhq dv wkh qxphudluh1
7wr wkh ruljlqdo lvrfrvwolqh wkurxjk %@1 Wklv doorzv wr lghqwli| %S dqg %_ zklfk olh rq wkh
lqwhuvhfwlrq ri wkhvh qhzo| frqvwuxfwhg lvrfrvwolqhv dqg wkh udgldov wkurxjk %@ dqg %K/
uhvshfwlyho|1 Lq idfw %S +%_, kdv wkh vdph frvw ohyho dv %K +%@,/ hydoxdwhg djdlqvw @ +K,1
Lw lv wkhq hdvlo| vhhq wkdw wkh IO vfruh ri %@ frlqflghv zlwk lwv Gheuhx0Iduuhoo vfruh li %S
zrxog eh wkh uhihuhqfh/ zkloh wkh lqyhuvh IO vfruh ri %@ htxdov wkh +orzhu, udgldo vfruh ri
%_ +frpsduhg wr %K,1
Wkh lqsxw frpelqdwlrq %_ fdq dovr eh frqvlghuhg dv d uhdo revhuydwlrq/ dqg wkhq
ghprqvwudwhv zkdw kdsshqv zkhq erwk qrq0udgldo frpsohphqwv |lhog wkh vdph surmhfwlrq
dv wkh Gheuhx0Iduuhoo surfhgxuh/ yl}1 %K1 Li wklv lv wkh fdvh/ lw grhv qrw pdwwhu zkhwkhu
wkh lpsolflw sulfh yhfwru ri wkh h!flhqw frpelqdwlrq ru wkh lpsolflw sulfh yhfwru ri wkh
lqh!flhqw yhfwru lv xvhg1 Lqghhg/ erwk rulhqwdwlrqv |lhog wkh vdph ydoxh iru wkh udwlr
h{suhvvlrq/ zklfk looxvwudwhv wkh srlqw zh pdgh ehiruh1
Hylghqwo|/ wkh IO dqg wkh lqyhuvh IO surmhfwlrq srlqw qhhg qrw qhfhvvdulo| frlqflgh1
Wklv lv vkrzq lq wkh iroorzlqj h{dpsoh1 Vxssrvh dq lqsxw yhfwru %@ +@EHcH,l vw re hh y d o 0
xdwhg dqg wkdw wkhuh duh wzr srvvleoh uhihuhqfh srlqwv/ yl}1 %K +@E2cH,d q g%S +@EDce,1:
Iljxuh 5 suhvhqwv wkh ruljlqdo IO fdvh1 Wkhuhiruh jxuh 5 dovr suhvhqwv wkh lpsolflw lvr0
frvwolqh wkurxjk %@ dqg lwv wzr sdudoohov wkurxjk %K dqg %S1 Lw lv lpphgldwho| fohdu wkdw
























Iljxuh 5= Wkh IO fdvh
Wkh lqyhuvh IO phdvxuh zloo orrn iru dq h!flhqw revhuydwlrq wkdw plqlplvhv wkh vdph
udwlr ri wkh uhihuhqfh wr wkh dfwxdo frvw ohyho/ exw qrz hydoxdwhg xvlqj wkh uhihuhqfh*v
:Wr idflolwdwh glvfxvvlrq dq IGK uhihuhqfh whfkqrorj| lv dvvxphg/ vlqfh lq wklv fdvh rqo| dfwxdoo|
revhuyhg lqsxw frpelqdwlrqv fdq vhuyh dv d uhihuhqfh srlqw1 IGK erlov grzq wr dgglqj wkh lqwhjudolw|
frqvwudlqw ￿n 5i 3>4j wr wkh pdwkhpdwlfdo surjudpplqj sureohp suhvhqwhg deryh +vhh Wxonhqv ^46‘,1
8lpsolflw sulfh yhfwru1 Wklv fdvh lv suhvhqwhg lq jxuh 61 Wkh lpsolflw lvrfrvwolqhv wkurxjk
%K dqg %S duh gudzq wrjhwkhu zlwk wkhlu sdudoohov wkurxjk %@1 Wkh udwlr ydoxh dvvrfldwhg
zlwk %K htxdov rqo| efI zkhuhdv wkh vdph ydoxh dvvrfldwhg zlwk %S dprxqwv wr DDcDI1
Lq idfw wkh lqyhuvh IO phdvxuh shqdolvhv wkh lqh!flhqw revhuydwlrq %@ iru xvlqj wrr pxfk
ri wkh vhfrqg lqsxw/ zklfk lv dffrughg d uhodwlyho| kljk lpsolflw sulfh e| wkh h!flhqw
revhuydwlrq %K1W k hl q y h u v hIO surfhgxuh zloo vhohfw %K dv wkh uhihuhqfh lqsxw yhfwru/ wkxv
looxvwudwlqj wkdw wkh fkdqjh ri rulhqwdwlrq pd| dowhu qrw rqo| wkh h!flhqf| vfruhv exw dovr
wkh surmhfwlrq1





















Iljxuh 6= Wkh lqyhuvh IO fdvh
6 Dgglwlrqdo uhpdunv
Lq wkh suhylrxv vhfwlrq wkh lqsxw rulhqwhg yhuvlrq ri wkh lqyhuvh IO phdvxuh zdv glvfxvvhg1
Wkh rxwsxw rulhqwhg yhuvlrq fdq eh rewdlqhg lq dq dqdorjrxv zd|1 Vxssrvh djdlq wkdw
wkhuh duh  revhuydwlrqv iru hdfk ri zklfk d vhpl0srvlwlyh 60glphqvlrqdo lqsxw yhfwru %
dqg d vwulfwo| srvlwlyh ?0glphqvlrqdo rxwsxw yhfwru + lv revhuyhg1 Wkh lqyhuvh IO rxwsxw
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Djdlq/ zh frqvlghu dq htxlydohqw irupxodwlrq ri wklv sureohp lq wkh dsshqgl{1 Lq
frqwudvw wr wkh lqsxw rulhqwhg lqyhuvh IO phdvxuh/ wkh rxwsxw rulhqwhg yhuvlrq grhv qrw
srvvhvv d vwudljkwiruzdug lpsolflw uhyhqxh sulfh uhsuhvhqwdwlrq1 Wkh lqwhusuhwdwlrq ri wkh
remhfwlyh +5, lv dqdorjrxv wr wkh rqh ri +4,/ krzhyhu1 Lqh!flhqf| lv djdlq frpsxwhg
vwduwlqj iurp wkh h!flhqw revhuydwlrq dqg qrw e| uhihuulqj wr wkh lqh!flhqw rxwsxw pl{1
E| xvlqj wkh lqyhuvh lqsxw dqg rxwsxw rulhqwhg IO phdvxuhv wr hydoxdwh wkh h!flhqf|
ri dq revhuydwlrq/ rqh frqvlghuv wkh pruh ghpdqglqj sdwk wr wkh iurqwlhu/ zklfk lv fohduo|
h{suhvvhg e| wkh remhfwlyhv +4, dqg +5,1 Dv Oryhoo dqg Ydqghq Hhfndxw ^<` kdyh vkrzq iru
wkh ruljlqdo IO phdvxuh/ rqh frxog dovr dsso| d ohvv ghpdqglqj surfhgxuh wr dqdo|vh lqhi0
flhqf| li rqh lv zrunlqj lq dq IGK vhwwlqj1 D +qrq0frqyh{, IGK uhihuhqfh whfkqrorj| lv
rewdlqhg e| dgglqj wkh lqwhjudolw| frqvwudlqw w& 5i fcj wr wkh uhvshfwlyh pdwkhpdwlfdo
prghov/ dqg wkh vhw ri srvvleoh uhihuhqfhv vkrxog eh uhvwulfwhg wr wkh xqgrplqdwhg revhu0
ydwlrqv zklfk dw wkh vdph wlph grplqdwh wkh J0wk revhuydwlrq1 Wkhq/ wkh gluhfwlrq ri wkh


































D qdo qrwh frqfhuqv wkh ]lhvfkdqj ^47` phdvxuh zklfk lv frpsxwhg e| uvw udgldoo|
vfdolqj grzq wkh lqsxw yhfwru +vfdolqj xs wkh rxwsxw yhfwru, ri dq lqh!flhqw revhuydwlrq/
vr dv wr dsso| dq IO lqsxw +rxwsxw, surmhfwlrq lq d vhfrqg vwhs1 ]lhvfkdqj vfruhv duh
wkhq frpsxwhg dv wkh surgxfw ri wkh uhvxowlqj Gheuhx0Iduuhoo dqg IO vfruhv1 Fohduo|/ dq
IO vfruh glhuhqw iurp xqlw| lv rewdlqhg rqo| li wkh udgldo surmhfwlrq zrxog uhvxow lq d
uhihuhqfh srlqw o|lqj rq d Sduhwr0grplqdwhg sduw ri wkh lvrtxdqw1 Lw lv hylghqw wkhq wkdw
;Lq wkh h{dpsoh suhvhqwhg lq ￿jxuhv 5 dqg 6 vxfk d surfhgxuh zrxog ohdg wr d vzds lq wkh uhihuhqfh
surmhfwlrqv1
:rqh frxog dovr frqvwuxfw dq lqyhuvh ]lhvfkdqj phdvxuh/ frpsxwhg dv wkh vdph Gheuhx0
Iduuhoo vfruh pxowlsolhg e| dq lqyhuvh IO vfruh1<
Rqfh wkh lqsxw0rxwsxw pl{ ri dq lqh!flhqw revhuydwlrq kdv ehhq doorzhg wr ydu|
zkhq orrnlqj iru ehwwhu dowhuqdwlyhv/ dw ohdvw wr xv lw vhhpv mxvwldeoh wr plqlplvh wkh
irfdo fkdudfwhu ri wklv pl{ ixuwkhu1 Wkxv/ rqh fdq wxuq dwwhqwlrq wrzdugv wkh pl{hv ri
revhuydwlrqv wkdw duh nqrzq wr shuirup ehwwhu iurp wkh whfkqlfdo h!flhqf| srlqw ri ylhz1
Wkh frqfrplwdqw fkdqjh ri shuvshfwlyh uhvxowv lq dq clqyhuvh* IO phdvxuh wkdw frqvwlwxwhv
d ydoxdeoh dowhuqdwlyh iru wkh ruljlqdo IO phdvxuh1 Lw fdq eh dssolhg lq h{dfwo| wkh
vdph flufxpvwdqfhv zkhuh wkh odwwhu vhhpv dssursuldwh1 Erwk dowhuqdwlyhv surylgh wkh
uhvhdufkhu zlwk xvhixo/ frpsohphqwdu| lqirupdwlrq derxw wkh qrq0udgldo h!flhqf| ri d
Sduhwr0grplqdwhg revhuydwlrq1
Dfnqrzohgjhphqwv
Zh kdyh ehqhwhg iurp frqvwuxfwlyh uhpdunv ri sduwlflsdqwv dw wkh Hxur Vxpphu Lqvwlwxwh
+Xqlyhuvlw| ri Zduzlfn/ 49059 Dxjxvw 4<<;,1 Zh duh sduwlfxoduo| lqghewhg wr Mhvxv W1
Sdvwru iru khosixo frpphqwv1
D Ilqglqj rswlpd iru wkh lqyhuvh IO sureohpv
Lq wklv dsshqgl{ zh zloo glvfxvv wkh vroxwlrqv iru sureohpv +4, dqg +5,1 Lq vhfwlrq D14
d surfhgxuh lv suhvhqwhg wr rewdlq wkh lqsxw rulhqwhg lqyhuvh 8u vfruh1 Zh vkrz wkdw
lw lv vx!flhqw wr frpsduh hydoxdwhg revhuydwlrqv rqo| zlwk wkh yhuwlfhv ri wkh Sduhwr0
Nrrspdqv grplqdqw uhihuhqfh iurqwlhu1 Wklv surfhgxuh lv yhu| vlplodu wr wkh rqh zklfk
lv xvhg lq dq IGK iudphzrun dqg wkxv dwwudfwlyh jlyhq lwv hdvh ri lpsohphqwdwlrq1 Lq
dsshqgl{ D15 zh lqwurgxfh d sureohp zklfk lv htxlydohqw wr sureohp +5,1 Lw lv vkrzq
wkdw iru wklv sureohp wkh qhfhvvdu| dqg vx!flhqw Nxkq0Wxfnhu rswlpdolw| frqglwlrqv duh
ixooohg1 Zh dovr lqwurgxfh wkh vroxwlrq surfhgxuh xqghu wkh dvvxpswlrq ri d frqvwdqw/ d
qrq0lqfuhdvlqj dqg d qrq0ghfuhdvlqj uhwxuqv wr vfdoh whfkqrorj|1
D14 Lqsxw rulhqwdwlrq
Fohduo|/ plqlplvlqj remhfwlyh +4, lv htxlydohqw wr pd{lplvlqj lwv lqyhuvh/ zklfk lq wxuq












Jlyhq wkh odvw +htxlydohqw, uhsuhvhqwdwlrq/ zh qrz vkrz wkdw lq dq rswlpxp iru sure0
ohp +4, wkh uhihuhqfh lqsxw yhfwru zloo dozd|v eh d yhuwh{ ri wkh sduw ri wkh h!flhqw
uhihuhqfh iurqwlhu wkdw grplqdwhv wkh GPX wr eh hydoxdwhg1 Lq rwkhu whupv/ wkh lqyhuvh
<Djdlq/ wkh lqyhuvh ]lhvfkdqj phdvxuh vdwlv￿hv wkh vdph d{lrpdwlf surshuwlhv dv lwv ruljlqdo
frxqwhusduw1
;IO surmhfwlrq zloo dozd|v eh hlwkhu dq dfwxdoo| revhuyhg Sduhwr0Nrrspdqv grplqdqw
srlqw ru d cglphqvlrq vshflf h!flhqw surmhfwlrq*1 Dq h{dpsoh lv surylghg lq jxuh 7/
zkhuh srlqwv 2 dqg  duh wkh glphqvlrq vshflf h!flhqw surmhfwlrqv iru revhuydwlrq 1I l j 0
xuh 7 ixuwkhu looxvwudwhv wkdw dq| srwhqwldo uhihuhqfh iru revhuydwlrq 4 +l1h1 dq| hohphqw
ri wkh grplqdqw sduw ri wkh lqsxw surgxfwlrq iurqwlhu, fdq eh frqvwuxfwhg dv d frqyh{
frpelqdwlrq ri wkh yhuwlfhv 2/ 6 dqg 7/ d uhvxow zklfk dovr dssolhv lq jhqhudo1 Wkh deryh
dvvhuwlrq wkxv lpsolhv wkdw wr rewdlq wkh lqyhuvh 8uvfruh iru revhuydwlrq / rqh rqo| kdv















Wr vhh wklv/ uvw frqvlghu d vlwxdwlrq zkhuh dq lqsxw yhfwru %J kdv wr eh frpsduhg
rqo| wr frqyh{ frpelqdwlrqv ri wzr glhuhqw grplqdqw yhfwruv %￿c% 21 Lq dq rswlpxp wkh







￿ nE  w%2
￿
Fohduo| }E dqg }Ef jlyh wkh ydoxhv ri wkh deryh ixqfwlrq zkhq %J lv hydoxdwhg djdlqvw














￿ nE  w%2
￿
￿ : f
Wkdw lv/ wkh ixqfwlrq }Ew lv vwulfwo| frqyh{1 Zh wkxv kdyh iru f 	w	=
}Ew 	w } E n E  w}Ef +8,
<Vr/ li }Ef  }E ^}E  }Ef`/ wkhq }Ef ^}Eo pd{lplvhv }Ew iru doo srvvleoh
w 5 dfco/ zklfk lpsolhv wkdw rqh rqo| kdv wr frqvlghu }Ef dqg }E zkhq orrnlqj iru d
pd{lpxp = %J kdv wr eh frpsduhg zlwk %￿ dqg %2 rqo|1 Htxlydohqwo|/ rqh rqo| kdv wr
wdnh wkh plqlpxp ryhu wkh kduprqlf phdqv ri lqsxw uhgxfwlrqv ri %f zlwk uhihuhqfh wr
%￿ dqg %21
Wkh h{whqvlrq wr dq duelwudu| qxpehu J ri yhuwlfhv ri wkh grplqdqw sduw ri wkh
uhihuhqfh iurqwlhu lv vwudljkwiruzdug1 Ohw f eh dq J6 pdwul{ zlwk urzv fruuhvsrqglqj
wr wkh yhuwh{ lqsxw yhfwruv %￿ E ' ccJ/d q gw
A 'E w￿cw 2ccw￿J d urz yhfwru ri
lqwhqvlw| sdudphwhuv zlwk
S￿J











Wkh uhihuhqfh lqsxw yhfwrufAw fdq eh zulwwhq dv d olqhdu frpelqdwlrq ri wkh yhfwru %￿
dqg dq lqsxw yhfwru E*  w￿fA
3￿w3￿ zlwk w
A
3￿ 'E w2ccw￿J dqg f3￿ dq EJ    6
pdwul{ zlwk urzv fruuhvsrqglqj wr %2cc%￿J=
f
Aw ' w￿%







Exw wkhq/ dsso|lqj wkh deryh uhdvrqlqj hlwkhu w￿ 'ru   w￿ ' 1L q w k h i r u p h u
fdvh %￿ lv wkh uhihuhqfh iru %J zlwk uhvshfw wr zklfk wkh plqlpxp lqyhuvh 8u vfruh lv
rewdlqhg1 Rq wkh rwkhu kdqg/ li w￿ 'frqh fdq uhvwulfw dwwhqwlrq wr wkh yhfwru fA
3￿w3￿1
Zh fdq wkhq uhshdw wkh h{huflvh wr fkhfn zkhwkhu w2 ' / dqg vr rq1 Lq frqfoxvlrq/ wkhuh
zloo eh rqh lqsxw yhfwru %, E, 5i ccJj zlwk w, 'zkloh iru doo rwkhu yhfwruv wkh
fruuhvsrqglqj lqwhqvlw| sdudphwhu lv }hur1 Wkhuhiruh/ lw vx!fhv wr wdnh wkh plqlpxp ri
wkh kduprqlf phdqv ri lqsxw uhgxfwlrqv zlwk uhihuhqfh wr wkh glhuhqw urzv ri f1F r q y h {
frpelqdwlrqv vkrxog qrw eh frqvlghuhg dv wkhvh zrxog qhyhu jhqhudwh d orzhu lqyhuvh 8u
vfruh1
Wkh wkuhh vwhs surfhgxuh mxvw ghvfulehg +lghqwli|lqj h!flhqw yhuwlfhv ri wkh ihdvleoh
uhjlrq ri sureohp +4, xvlqj h1j1 wkh dojrulwkp rxwolqhg lq ^44` +zklfk lv hpsor|hg lq wkh
DGEDVH frgh ^45`,/ fdofxodwlqj wkh kduprqlf phdq ri lqsxw uhgxfwlrqv zlwk uhvshfw wr
hdfk ri wkhvh yhfwruv/ vhohfwlqj wkh plqlpxp ri wkhvh kduprqlf phdqv, lv yhu| vlplodu
lq whupv ri frpsxwdwlrqdo uhtxluhphqwv wr wkh IGK surfhgxuh rxwolqhg lq ^46`1 Lq wkh
odwwhu fdvh/ dq htxdoo| vlpsoh yhfwru frpsdulvrq dojrulwkp +lghqwli|lqj Sduhwr grplqdqw
GPX*v/ fdofxodwlqj wkh pd{lpxp glphqvlrq vshflf lqsxw vkulqndjh idfwru zlwk uhvshfw
wr hdfk ri wkhvh yhfwruv/ vhohfwlqj wkh plqlpxp ri wkhvh pd{lpxp idfwruv, vx!fhv wr
rewdlq h!flhqf| phdvxuhv1
Vr idu zh kdyh uhvwulfwhg dwwhqwlrq wr d whfkqrorj| fkdudfwhulvhg e| yduldeoh uhwxuqv
wr vfdoh/ zlwk
S￿
&’￿ w& ' 1 Krzhyhu/ wkh deryh dojrulwkp dssolhv htxdoo| zhoo iru whfk0
qrorjlhv zlwk qrq0lqfuhdvlqj uhwxuqv wr vfdoh +
S￿
&’￿ w&  ,/ qrq0ghfuhdvlqj uhwxuqv wr
vfdoh +
S￿
&’￿ w&  , ru frqvwdqw uhwxuqv wr vfdoh +
S￿
&’￿ w& xqerxqghg,1 Reylrxvo|/ gli0
ihuhqw vfruhv pd| eh rewdlqhg zkhq wkh vhw ri h!flhqw yhuwlfhv ri wkh Sduhwr0Nrrspdqv
grplqdqw uhjlrq dowhuv1
43D15 Rxwsxw rulhqwdwlrq
Wkh sureohp dv vwdwhg lq +5, lv htxlydohqw wr wkh surjudpplqj sureohp ehorz=
￿





































w&  f c&' cc
Fohduo| wkh frqvwudlqwv lq wklv sureohp duh doo olqhdu/ vr wkdw vwulfw frqyh{lw| ri wkh
remhfwlyh ixqfwlrq lv wkh rqo| uhtxluhphqw iru wkh Nxkq0Wxfnhu frqglwlrqv wr eh qhfhvvdu|
dqg vx!flhqw iru d xqltxh joredo plqlpxp1 Deryh zh douhdg| vkrzhg wkdw wklv ixqfwlrq
lv frqyh{ li w lv wzr0glphqvlrqdo1 Wklv uhvxow fdq eh xvhg wr hvwdeolvk vwulfw frqyh{lw|
zlwk uhvshfw wr d yhfwru w ri glphqvlrq 1 Lqghhg/ vwulfw frqyh{lw| krogv li iru dq| wzr







































Wkh odwwhu lpphgldwho| iroorzv iurp +8, dv wkh
S￿
&’￿ w￿&+&
￿ E ' c2 duh wzr hohphqwv
ri wkh surgxfwlrq vhw1 Zh frqfoxgh wkdw iru sureohp +9, wkh Nxkq0Wxfnhu frqglwlrqv duh
qhfhvvdu| dqg vx!flhqw wr fkdudfwhulvh d xqltxh joredo rswlpxp1 Ghqrwh wkh Odjudqjh
pxowlsolhuv fruuhvsrqglqj wr uhvwulfwlrqv +:, dqg +;, e| ￿ E ' c6 dqg j￿ E ' c?/
uhvshfwlyho|1 Zlwk wkh frqyh{lw| frqvwudlqw +<, zh dvvrfldwh wkh gxdo yduldeoh 1D q

























￿ n c,' cc
w,
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w,  f c,' cc
￿  f c ' cc6
j￿  f c' cc?
 ' soee
Dqdorjrxvo| zlwk wkh lqsxw rulhqwhg fdvh/ wkh deryh v|vwhp dovr fkdudfwhulvhv wkh
rswlpdo vroxwlrq xqghu wkh dvvxpswlrqv ri frqvwdqw/ qrq0lqfuhdvlqj dqg qrq0ghfuhdvlqj




&’￿ w& ' soee/
￿ S
&’￿
w&   dqg
S￿
&’￿ w&  /l qw k d wr u g h u 1
Uhihuhqfhv
^4` D1 Fkduqhv/ Z1Z1 Frrshu/ H1 Ukrghv/ Phdvxulqj wkh H!flhqf| ri Ghflvlrq Pdnlqj
Xqlwv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 5 +4<:;, 75<07771
^5` D1 Fkduqhv/ Z1Z1 Frrshu/ H1 Ukrghv/ Phdvxulqj wkh H!flhqf| ri Ghflvlrq Pdnlqj
Xqlwv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 6 +4<:<, 56<1
^6` J1 Gheuhx/ Wkh Frh!flhqw ri Uhvrxufh Xwlolvdwlrq/ Hfrqrphwulfd 4< +6, +4<84, 5:60
5<51
^7` U1 Içuh1/ V1 Jurvvnrsi/ F1D1N1 Oryhoo/ Wkh Phdvxuhphqw ri H!flhqf| ri surgxfwlrq/
Noxzhu0Qlmkr Sxeolvklqj/ Ervwrq/ 4<;81
^8` U1 Içuh/ F1D1N1 Oryhoo/ Phdvxulqj wkh Whfkqlfdo H!flhqf| ri Surgxfwlrq/ Mrxuqdo
ri Hfrqrplf Wkhru| 4< +4, +4<:;, 48304951
^9` P1M1 Iduuhoo/ Wkh Phdvxuhphqw ri Surgxfwlyh H!flhqf|/ Mrxuqdo ri wkh Ur|do Vwd0
wlvwlfdo Vrflhw| Vhulhv D 453 +6, +4<8:, 58605;41
^:` N1 Nhuvwhqv/ S1 Ydqghq Hhfndxw/ Whfkqlfdo H!flhqf| Phdvxuhv rq GHD dqg IGK=
D Uhfrqvlghudwlrq ri wkh D{lrpdwlf Olwhudwxuh/ FRUH Glvfxvvlrq Sdshu <846/ XFO/
Orxydlq0od0Qhxyh/ 4<<81
45^;` W1 Nrrspdqv/ Dqdo|vlv ri Surgxfwlrq dv dq H!flhqw Frpelqdwlrq ri Dfwlylwlhv/ lq=
W1 Nrrspdqv +hg1,/ Dfwlylw| Dqdo|vlv ri Surgxfwlrq dqg Doorfdwlrq= Surfhhglqjv ri
d Frqihuhqfh/ \doh Xqlyhuvlw| Suhvv/ Qhz Kdyhq/ 4<84/ ss1 660<:1
^<` F1D1N1 Oryhoo/ S1 Ydqghq Hhfndxw/ Iurqwlhu Wdohv= GHD dqg IGK/ lq= Z1H1 Glhzhuw/
N1 Vsuhpdqq1 dqg I1 Vwhkolqjv/ Pdwkhpdwlfdo Prghoolqj lq Hfrqrplfv1 Hvvd|v lq
Krqru ri Zroijdqj Hlfkkruq/ Vsulqjhu0Yhuodj/ Ehuolq/ 4<<6/ ss1 779078:1
^43` U1 Uxvvhoo/ Phdvxuhv ri Whfkqlfdo H!flhqf|/ Mrxuqdo ri Hfrqrplf Wkhru| 68 +4,
+4<;8, 43<04591
^44` U1H1 Vwhxhu/ Pxowlsoh Fulwhuld Rswlpl}dwlrq 0 Wkhru|/ Frpsxwdwlrq dqg Dssolfdwlrq/
Mrkq Zloh|/ Qhz \run/ 4<;91
^45` U1H1 Vwhxhu/ Pdqxdo iru wkh Dgedvh Pxowlsoh Remhfwlyh Olqhdu Surjudpplqj Sdfn0
djh/ Idfxow| ri Pdqdjhphqw Vflhqfh/ Xqlyhuvlw| ri Jhrujld/ Dwkhqv/ 4<<81
^46` K1 Wxonhqv/ Rq IGK H!flhqf| Dqdo|vlv= Vrph Phwkrgrorjlfdo Lvvxhv dqg Dssolfd0
wlrqv wr Uhwdlo Edqnlqj/ Frxuwv dqg Xuedq Wudqvlw/ Mrxuqdo ri Surgxfwlylw| Dqdo|vlv
7 +4<<6, 4;605431
^47` N1 ]lhvfkdqj/ Dq H{whqghg Iduuhoo H!flhqf| Phdvxuh/ Mrxuqdo ri Hfrqrplf Wkhru|
66 +5, +4<;7, 6;:06<91
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